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The ground state of the S = 1/2 kagome Heisenberg antiferromagnet is now recognized as a
spin liquid. But its precise nature remains unsettled, even if more and more clues point towards
a gapless spin liquid. With this hypothesis in mind, we use high temperature series expansions
(HTSE) to propose an evolution of the specific heat cV and of the magnetic susceptibility χ with
respect to temperature T . HTSE are extrapolated over the full range of T using an improved entropy
method. Using optimized algorithms, we extend the HTSE up to unprecedented orders (20 in β)
and calculate the coefficients as exact functions of the magnetic field. We calculate cV and χ when
various terms perturb the Heisenberg Hamiltonian: magnetic field, Ising anisotropy, Dzyaloshinskii-
Moriya interactions, second and first neighbors interactions, and randomly distributed site vacancies.
The possibility of a large zero temperature susceptibility is discussed.
PACS numbers: 02.60.Ed 05.70.-a 71.70.Gm 75.10.jm 75.40.Cx 02.70.Rr
The physics of the spin S = 1/2 kagome lat-
tice, with first neighbor Heisenberg antiferromagnetic
interactions[1] (KHAF) has recently known two major
progresses. One is experimental, with the realization of
high quality crystals of Herbersmithite[2], opening the
possibility of precise measurements[3, 4]; the other is nu-
merical, with the understanding of the bias tending to
erroneously favor a gapped spin liquid (SL) ground state
in DMRG simulations[5, 6]. A gapless SL ground state
is now almost a consensus, supported by recent measure-
ments of a finite T = 0 magnetic susceptibility[4]. How-
ever, there remain several types of bidimensional gapless
SL, among which the U(1) SL (with a ponctual Fermi
surface) and the Fermi SL (with a linear Fermi surface).
They distinguish themselves notably by the low-T behav-
ior of their specific heat: cV ∼ Tα[7]. A linear behav-
ior, α = 1, is a characteristic of a Fermi SL, whereas a
quadratic one, α = 2, is an indication of a U(1) SL (to
compare to cV ∼ T 2e−∆/T for a gapped phase). Up to
now, neither the experimental nor the theoretical works
are able to determine α for the KHAF.
But all these considerations presuppose that Herbert-
smithite is effectively described by a KHAF on perfect
and independent kagome planes. Before going further, it
is primordial to ascertain this, or at least, to verify that
the realistic perturbations to this ideal Hamiltonian do
not have a dramatic effect on the type of phase and on the
thermodynamic quantities measured by the experimen-
talists. With this objective, we use in this letter high
temperature series expansions (HTSE) to explore the fi-
nite temperature effects of a magnetic field and of a large
set of perturbations: vacancies in the spin lattice, Ising
anisotropy, Dzyaloshinskii-Moriya (DM) interactions and
two types of further neighbor interactions. Beside the
technical difficulty to expand thermodynamical quanti-
ties up to an order notably larger than previously[8] and
in the presence of all these interactions, we present here
the first extrapolations on the KHAF supposing a gapless
spin liquid, with a special emphasis on the effect on the
magnetic susceptibility, which can be precisely measured
experimentally[4]
HTSE exactly calculate the Taylor coefficients (in pow-
ers of the inverse temperature β = 1/T ) of thermody-
namic quantities. From these coefficients, one can reli-
ably and easily reconstruct the quantities from infinite
down to moderate temperatures (of the order of the in-
teraction strength), using either the raw series, Pade´
approximants, or methods as differential Pade´ approx-
imants, Euler transformation, . . . [9–12]. A character-
istic feature of SL is the absence of ordering down to
T = 0. It is then possible to extrapolate HTSE over the
full range of temperature due to the absence of singular-
ities in the thermodynamic functions (no phase transi-
tion). Thus, the entropy method combines HTSE with
hypothesis on the low T properties to get for example
the specific heat per site cV or the magnetic susceptibil-
ity per site χ[8, 13, 14]. This makes from HTSE a fully
relevant method to extract the Hamiltonian parameters
from experimental results[15–18].
In a first part, we present the results of raw series,
then we discuss the extrapolation method and present
the results on the perfect KHAF. A magnetic field and
several perturbations are finally studied. Supplemental
material[19] gives details on the extrapolation method.
The new results are directly applicable to any lattice
other than kagome and to larger spin values.
Raw HTSE coefficients with exact dependency
in h. We first focus on the raw series of the thermo-
dynamic limit of the logarithm of the partition function
limN→∞ lnZN in powers of β with, as first main result of
this letter, their obtention as exact functions of h.
The KHAF Hamiltonian H consist in spins S = 1/2
on a kagome lattice, in presence of an arbitrary magnetic
field h (times a factor gµB set to 1 in the following),
ar
X
iv
:1
90
9.
00
99
3v
1 
 [c
on
d-
ma
t.s
tr-
el]
  3
 Se
p 2
01
9
2with antiferromagnetic interactions on all pairs of nearest
neighbors:
H0 = J1
∑
〈i,j〉
Si · Sj , H = H0 − hSz, (1)
where Sz =
∑
i S
z
i is the total spin along the z direction
and Si the spin operator on site i. J1 is set to unity in
the following. The partition function is:
Z = Tr e−βH =
∞∑
n=0
(−β)n
n!
Tr(Hn). (2)
After keeping the part of the traces Tr(Hn) originating
from connected clusters with n links on the lattice, it
gives us the following HTSE in powers of β, where coef-
ficients are finite order polynomials of h2 (without any
truncation):
lim
N→∞
lnZ
N
= ln 2 +
∞∑
n=1
n/2∑
k=0
Qn,kh
2k
βn. (3)
The first coefficients Qn,0 and Qn,1 are related to the
HTSE of respectively cV and χ at h = 0, and are the
only ones that were calculated up to now[8, 13, 20]: the
effects of a finite h were unaccessible (some further terms
were calculated for other models[13, 21], without being
exploited or still strongly limiting the possible values of
h).
Beside the now exact treatment of h, we get access to
unprecedented orders despite the exponential complexity
of the calculations. Qn,k are now determined for n up to
20, against 17 previously [8]. Fig. 1 shows that the raw
HTSE diverges below T=1, while the Pade´ approximants
converge down to 0.5 allowing to describe the main peak
of cV .
Extrapolation over the full temperature range
of HTSE. In the thermodynamic limit, canonical and
micro-canonical ensembles are equivalent. It implies that
the information contained in Z(T, h) is the same as in
the entropy per spin s(e, h), with e the energy per spin.
At fixed h, s and e are monotonous functions of T , go-
ing from e0(h) and s0 = 0 at T = 0, to e∞ = 0 and
s∞ = ln(2S + 1) at T =∞. These constraints on s(e, h)
near e0(h) are equivalent to the two sum rules on cV ,
but more easily imposed[13]. Moreover, the behavior of
s(e, h) for e → e0(h) can be infered from the (known or
supposed) low energy properties of the model. Thus, we
work in the micro-canonical ensemble[8, 13, 20]. From
the HTSE Eq. (3), we deduce the series expansion of
s(e, h) around e∞ and extrapolate this function over the
full interval [e0(h), e∞]. To remove the singularity of s
at e0, we introduce an intermediate function G(s(e, h)).
Then, Pade´ approximants of this function of e are used
to reconstruct s[19].
This procedure requires the knowledge of the ground
state energy e0(h) in the thermodynamical limit. As no
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FIG. 1. Results from HTSE at order 20 in β for h = 0 on
the kagome antiferromagnet. (a): specific heat cV ; We con-
sidered the cases of gapless ground states (α = 1 or 2) and fix
e0 = −0.4384 and -0.4395 respectively, where all Pade´ approx-
imants from d = 4 through 15 are represented. Dashed green
lines are the raw HTSE of orders 13 through 20. Dashed blue
lines are the Pade´ aproximants d = 6 through 14 of HTSE at
order 20. (b): same as in (a) for the magnetic susceptibility
χ. Several χ0 are presented.
numerical method is currently able to give it to the re-
quired precision, we browse a range of values and select
the one that gives the most coinciding results for h = 0
(details in [19]). This leads to values near the ones in-
fered from DMRG and exact diagonalization (ED)[22–
25]: e0(h = 0) = −0.4386(5). For small magnetic fields
h 6= 0, the energy is given by e0(h) = e0(h = 0)− 12χ0h2,
where χ0 is the zero temperature magnetic susceptibil-
ity. While in gapped systems, χ0 is zero as the ground
state remains unchanged for infinitesimal h, we a priori
have χ0 6= 0 for gapless systems. To give an idea of the
χ0 value, we can look at the classical model[26], which
is gapless: χ0 = S/6. A recent ED study[27] uses the
energy in different spin sectors and for different lattice
sizes to get a finite χ0, which is also compatible with
sine-square deformation results[28].
We note s′ and s′′ the derivatives of s with respect to
e at constant h. We recall that β = s′. The specific heat
per site cV and magnetization per site m are:
cV = −s
′2
s′′
, m =
1
s′
∂s
∂h
∣∣∣∣
e
. (4)
We emphasize that m is now obtained directly from
s(e, h), simplifying the procedure used in[8]. We deduce
from m the experimentally measured magnetic suscepti-
bility per site χ = m/h.
At the end of the day, for a given spin model, we ex-
trapolate χ(T ) and cV (T ) from the HTSE, with as sup-
plementary input the values of e0, χ0, and α (constrain-
ing the low T behavior of cV in T
α). Fig. 1 shows cV
and χ for the unperturbed Hamiltonian of Eq. (1). The
assumption on α has no influence for T > 0.3: HTSE
strongly constrain the functions in this domain of tem-
perature. Notably, the high temperature peak of cV near
3T = 0.7 is well determined, which is less the case for the
small temperature secondary peak (T ' 0.03). The exis-
tence of such a peak or shoulder, sign of a large amount
of low energy states, is still highly debated as it is very
sensible to eventual finite size effects[29, 30].
Results for the modified KHAF. We now add to
the Hamiltonian H0 different terms, whose effects will be
studied successively below:
H = H0 − h
∑
i
Szi +
∑
〈i,j〉
(
D · (Si ∧ Sj) + δzSzi Szj
)
+J2
∑
i,j
Si · Sj + J3h
∑
≪i,j≫
Si · Sj , (5)
where D is the Dzyaloshinskii-Moriya (DM) vector, δz
the Ising anisotropy, J2 and J3h the second and third
nearest-neighbor terms respectively. The Qn,k are now
polynoms of order n in the rate of vacancies p, the D com-
ponents, δz, J2 and J3h (we keep J1 = 1). The HTSE
order depends on the complexity of the Hamiltonian: or-
der 20 is obtained for the KHAF with impurities, 18 with
the Ising anisotropy, 16 with DM interactions, 13 with J2
and 15 with J3h (the exchange through the hexagon).
Fig. 2 shows the influence on cV and χ of some of
these supplementary terms and of a rate of vacancies in
the lattice, with the hypothesis that α = 1 and χ0 =
0.05. e0 is extracted from the most coinciding HTSE
extrapolations[19] (Fig. 3).
The rate of vacancies (magnetic Cu replaced by non
magnetic Zn atoms) in the kagome lattice of Herbert-
smithite is experimentally estimated to p ' 5%[4]. We
suppose here that interactions between remaining spins
are unchanged. The extracted e0(p) has a minimum
around p = 10% (Fig. 3). For classical spins, a low p does
not modify the energy per magnetic site[31] (even if it
lowers the energy per lattice site) and this minima cannot
be reproduced. But for quantum spins 1/2 [32–34], it can
be qualitatively understood as the minimal energy Et on
a triangle and Eb on a bond is the same (−3/4), whereas
it is lower classically on a triangle (−3S2/2 against −S2).
A rough approximation of the energy per spin on the lat-
tice is 2(1−p)
2
3 Et + 2(1− p)pEb and reproduces the min-
imum at p ' 10% for Et ' 4Eb/3. At finite tempera-
ture, HTSE indicate that impurities soften the separa-
tion of the two peaks in cV , strengthen χ and shift it to
higher temperatures (Fig. 2(a)). Another type of defects
is present in Herbertsmithite but not treated here: in-
terlayer magnetic atoms (Zn replaced by Cu atoms) at a
rate of 15% of occupation[4, 35]. They will enforce the
tridimensional character of the compound.
We now consider the effect of a magnetic field h. Up
to now, HTSE were only computed at the lowest order
in h. In an gapless system, the ground state magnetiza-
tion continuously increases up to a critical field hc, above
which the phase changes (either towards the fully mag-
netized state, or an intermediate phase). For classical
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FIG. 2. HTSE results on the kagome antiferromagnet: spe-
cific heat cV and magnetic susceptibility χ for different (a)
vacancy rates p, (b) magnetic fields h, (c) DM interactions
Dz and (d) Ising anisotropy δz. Results for α = 1 (linear low
T cV ) and for χ0 = 0.05 are shown. The error bars and the
results for α = 2 case and other χ0 are in[19].
spins[26], hc = 2S at T = 0, giving rise to the finite T
1
3 -magnetization plateau, but quantum studies[36] find
a lowest 19 -magnetization plateau for hc ' 0.6S. Thus,
we limit ourselves to h ≤ 0.2, which is however a hardly
achieved field for experimentalists on Herbersmithite (as
J ' 180K). The effect of h on χ is weak. If the main cV
peak is unchanged by h, its effect on the shoulder is more
interesting as it leads to a possible experimental determi-
nation of χ0 at finite temperature: indeed, independently
of α = 1 or 2, for χ0 . 0.1, the shoulder around T = 0.1
is lowered by the application of h (Fig. 2(b)), whereas is
is increased if χ0 & 0.1[19].
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FIG. 3. Ground state energies e0 for different impurity rates
p, DM interaction strength Dz and Ising anisotropy δz. They
are selected to give the most coinciding results of HTSE. The
procedure is detailed in [19]. The results differ at X = 0 (pure
KHAF) due to the different orders used for the various types
of perturbations X.
The DM interaction D in Eq. (5) originates from the
spin-orbit coupling[37, 38] and is often considered, in
Herbertsmithite, as the main deviation from the KHAF,
together with impurities[33]. The out of plane compo-
nent Dz is supposed to be dominant and is the only
one considered here. The sum in the Hamiltonian (5)
is over oriented links, all pointing in the same arbitrary
direction when we turn around the lattice hexagons. In
Herbertsmithite, Dz ' 0.04 J1[39]. Order is supposed to
appear for Dz ' 0.08 J1[40–42], even if smaller values
(Dz ' 0.01 J1) have recently been proposed[43]. Within
HTSE, Dz enhances the main cV peak and has a week
effect on χ (Fig. 2(c)). As expected, e0(Dz) behaves
quadratically (Fig 3).
The Ising anisotropy δz interpolates between the ferro-
magnetic Ising model (δz = −∞), the XY model (δz =
−1) and the antiferromagnetic Ising model (δz =∞). For
small δz, e0(δz) is linear (Fig 3), what can be qualitatively
understood if we consider that most of the energy contri-
bution in the ground state comes from a concentration c
of singlet bonds, whose energy is −(3 + δz)/4. With this
naive picture, we get e0(δz) = e0(δz = 0)(1+δz/3), whose
slope is in agreement with the one fitted from HTSE data
0.146(1) (Fig. 3). Similarly, the susceptibility of such sin-
glets decreases when δz increases and reciprocally, which
is the behavior seen in Fig. 2(d). cV is almost insensitive
to δz.
Second and third neighbors interactions J2 and J3h
(third neighbors are chosen here as links between oppo-
site sites in an hexagon) are known to lift the classical
degeneracy of the KHAF toward the
√
3×√3 long range
order for J2 < 0, the q = 0 order for J2 > 0 and J3h < 0
and the cuboc1 order for J3h > 0[42, 44]. For quantum
spins 1/2, small changes in these parameters have seem-
ingly low influence and preserve the spin liquid phase for
|J2|, |J3h| ≤ 0.2[45–47]. As these terms add new links
to the KHAF model, we are limited to order 13 for J2
and 15 for J3h in HTSE. The confidence in the extrapola-
tion are highly affected by this limited number of terms.
Results are displayed in [19] for completeness.
Conclusion In this paper, the HTSE coefficients of
spin 1/2 lattice models have been exactly obtained as
polynoms of various Hamiltonian parameter, where sev-
eral supplementary terms were calculated (20 against
17 previously). We applied the entropy method to the
KHAF model. We have considered for the first time
various gapless spin liquids (linear and quadratic low T
specific heat) and several values of the T = 0 magnetic
susceptibility χ0. We have studied the effect on cV and
χ of various perturbations of the KHAF: magnetic field,
impurities, DM interaction, Ising anisotropy, second and
third nearest neighbor coupling, It is the first time that
HTSE series up to such orders are obtained with these
terms. The ground state energies have been extracted
with a procedure described in [19] and give very coher-
ent results, showing that our results are trustable down
to small temperatures.
The range of temperatures that are the most sensible to
any Hamiltonian perturbation is always the intermediate
one T ∼ J1/10. As it is precisely in this range that the
experimentalists get more and more precise data, HTSE
are a powerful tool to determine the values of the Hamil-
tonian parameters from them. We notably enlightened
a way to probe χ0 using cV measurements at finite T
under a magnetic field. In a near future, we expect that
measurements under pressure of kagome compounds will
tune some other Hamiltonian parameters, and that the
impurity rate will be controlled.
We have here treated in great details the controversial
case of the KHAF, but our technic can equally treat any
similar spin system on other lattices. What has here been
chosen as perturbative parameters can be set to any arbi-
trary value as the HTSE coefficients are exact functions of
them. However, the convergence properties of the series
are affected by the possible phase transitions, or the pres-
ence of poles in the complex temperature plane, whose
physical relevance remains to study. Possible extensions
of this work will consist in the study of consequent mag-
netic fields[48] or of models with consequent variations
of δz, interpolating between the Heisenberg, XY , Ising
and soluble models on kagome[49], as in the special case
of δz = −3/2 [50].
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Effect of perturbations on the kagome S = 1/2 antiferromagnet at all temperatures:
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This supplemental material gives some details on the results obtained on the specific heat, CV (T ),
and the magnetic susceptibility, X (T ), of the Heisenberg model on the kagome lattice, using high
temperature series expansions (HTSE) and an extrapolating scheme assuming S = 1/2-non gapped
low temperature physics. Various perturbations are explored: impurities, magnetic field, Dzyaloshin-
skii–Moriya interaction, Ising interaction, second and third neighbor interactions. For all the models
used here, new HTSE have been calculated or a few more terms have been added to existing series.
Convergence is studied in detail. We find that X (T = 0) may have a significant non-zero value.
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I. INTRODUCTION
First, we recall the Hamiltonian of a Heisenberg model
with a constant magnetic field B along the z-axis (Eq. 1
of the letter):
H0 = J1
∑
〈i,j〉
Si · Sj , H = H0 − hSz, (1)
where Si are 1/2-spin, S
z =
∑
i S
z
i is the total spin along
the z-axis, and h = gµBB, and in the following we set
J1 = 1 and gµB = 1. The partition function of a N -spin
system is, with β = 1/T :
Z = Tr exp(−βH) (2)
=
N/2∑
Sz=−N/2
e−βhSzTrSz exp(−βH0) (3)
The free energy per spin, f , is defined as −βf =
1
N lnZ. The specific heat, cV (T ), and magnetic suscep-
tibility, χ(T ), per spin are defined as:
cV (T, h) =
1
N
CV (T, h) = −β2 ∂
2βf(β, h)
∂β2
∣∣∣∣
h
(4)
χ(T, h) =
1
N
X (T, h) = − 1
β2
∂2f(β, h)
∂h2
∣∣∣∣
β
(5)
The HTSE (High Temperature Series Expansion) of
the basic quantityf at the thermodynamic limit reads
−βf(β, h) = lim
N→∞
1
N
lnZ(β, t)
= ln 2− ln(1− t2)/2 +
n∑
i=0
βi
i∑
k=0
Likt
2k, (6)
where t = tanh(βh/2), and the first two terms in Eq. (6)
stand for the free spin contributions, while the last one
comes from H0 and Lik are numbers. In Eq. (6), the sum
over k account for the magnetic field exactly.
From now, the spins are on a kagome lattice.
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2In section-II, we set the basic model and show the re-
sults obtained from the β-HTSE and its Pade´ approx-
imants (PAs), where β = 1/T . Various perturbations
are added to the basic model and their effects on the β-
HTSE of cV (T ) and χ(T ) are shown in this first section.
In section-III we replace the variable β by the energy e.
cV and χ are obtained from the derivatives of the en-
tropy s with respect to e for cV and with respect to the
magnetic field for χ. A model for the function s is used
which depends on the ground state energy. At the end
of this section, we propose a protocole to estimate this
ground state energy when it is unknown.
The following sections are devoted to the effects of the
perturbations on cV (T ) and χ(T ): Impurities (Sec-IV),
magnetic field (Sec-V), Dzyaloshinskii–Moriya interac-
tion (Sec-VI), Ising interaction (Sec-VII), second neigh-
bor interaction (Sec-VIII) and third neighbor interaction
(Sec-IX)
II. HIGH TEMPERATURE SERIES
EXPANSION AND THEIR PADE´
APPROXIMANTS
From the β-HTSE of 1N lnZ (Eq. (6)), we deduced the
β-HTSE of cV (T ) and χ(T ) using Eqs. (4)-(5). From
these β-HTSE, we build their Pade´ approximants (PAs).
The first sub-section shows the results obtained for the
basic model and the following sub-sections analyzes the
effects of perturbations these results.
A. The basic model
Fig. 1-(a) shows the β-HTSE of cV (T, h = 0) from or-
ders from 13 to 20 (red dashed lines), which converge
for T > 1.3, and the Pade´ approximants (PAs) from the
HTSE at order 20. We see coinciding Pade´ approximants
(CPAs) for T > 0.45 (see Sec. III D for the precise defi-
nition): here, the CPAs have denominator degrees from
7 to 14. Fig. 1-(b) shows the CPAs from the β-HTSE
from order 13 to 20 for cV : the convergence is improved
going from order 13 to 20, winning a factor 2 in the
range of temperatures. Fig. 1-(c) shows the β-HTSE of
χ(T, h = 0) at orders from 13 to 19 which converge for
T > 1.05 and the PAs from the HTSE at order 19. The
CPAs for T > 0.45 have also denominator degrees from 7
to 14. In the inset of Fig. 1-(d), we see that the CPAs ob-
tained from different orders start to diverge for T < 0.5.
B. Influence of impurities on the raw HTSE
Impurities have been accounted in the HT-series in a
statistical way. Each graphs made of m sites get a weight
qm, where q = 1− p and p is the probability that a spin
is missing. Thus we take into account the missing spins,
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FIG. 1. (a): β-HTSE of cV (T, h = 0) (a) Dotted red lines
stand for the raw series at orders from 13 to 20. Full and
dash-dot lines are the PAs from the HTSE at order 20. (b):
show the PAs from the β-HTSE of cV (T ) at order o from 13
to 20, where np indicates the number of coinciding PAs (see
Sec.III D). Error bars in the insets indicate the dispersion of
the CPAs and np is the number of CPAs within error bars.
(c) and (d): same as (a) and (b) for χ(T, h = 0) except that
the maximum order is now 19.
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FIG. 2. Effects of impurities on β-HTSE of cV (T, h = 0) (a)
and χ(T, h = 0) (b). The ratio of impurities is p. Lines are
the CPAs from the HTSE at order 20 for cV (T, h = 0) and
19 for χ(T, h = 0). Insets are zoom around T = 1 and error
bars shows the dispersion of the CPAs.
but not the additional spins that can be elsewhere. The
actual HT-series is now also a polynomial of q starting at
order 2 for the exchange part (the smallest diagram with
exchange contains two spins). The total number of spins
is thus proportional to q. Then, Eq. (6) for the partition
function per spin (and not per site) becomes:
−βf(β, h) = ln 2− ln(1− t
2)
2
+
1
q
jmax∑
j=2
qj
n∑
i=0
βi
i∑
k=0
Lj,i,kt
2k,
(7)
3where Lj,i,k are numbers and jmax is the number of sites
of the largest graphs. At order n, the largest graphs have
a tree topology (the graphs found at the largest order in
k) and the number of their sites is n+1, thus jmax = n+1.
Keeping the CPAs, Fig. 2 shows the effects of impu-
rities on cV (T, h = 0) and χ(T, h = 0). The effects of
impurities starts at temperatures less than 1 for cV and
3 for χ. Impurities increases the value of the maximum
of cV (T, h = 0) and slightly enhance χ(T, h = 0) at the
lowest temperatures shown here.
C. Influence of the magnetic field on the raw HTSE
Above T = 0.45 a magnetic field h ≤ 0.2 has negligible
effects on cV (T, h) and χ(T, h). Effects start at a field of
0.5 at these temperatures.
D. Influence of a Dzyaloshinskii–Moriya
interaction on the raw HTSE
A Dzyaloshinskii–Moriya interaction (DMI) is added:
HDM =
∑
〈i,j〉
Dz(Si ∧ Sj)z (8)
The β-HTSE has been computed to order 16 (resp. 14
and 12) for L0 (resp. L1 and L2). Fig. 3-left shows that
a Dzyaloshinskii–Moriya interaction (DMI) enhances the
peak of cV (T, h = 0). On the contrary, negligible effects
are seen on χ(T, h = 0) above T = 0.45.
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FIG. 3. Effects of a Dzyaloshinskii–Moriya interaction Dz
on β-HTSE of cV (T, h = 0) (left) and χ(T, h = 0) (right). D
is in units of J . Lines are the CPAs from the HTSE at order
16.
E. Influence of an Ising interaction on the raw
HTSE
An Ising anisotropy term is added:
HIsing =
∑
〈i,j〉
δzSizSjz. (9)
The β-HTSE has been computed to order 18 (resp. 16
and 14) for L0 (resp. L1 and L2). Fig. 4-left shows that
an Ising interaction (δz) has a small effect on cV (T, h =
0), a small shift of the position of the maximum of cV (T )
to smaller temperature if δz < 0 and higher temperature
if δz > 0. Below T = 3, χ(T, h = 0) is increased when δz
decreases.
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FIG. 4. Effects of a Ising interaction, δz on β-HTSE of
cV (T, h = 0) (left) and χ(T, h = 0) (right). Lines are the
CPAs from the HTSE at order 18.
F. Influence of a second neighbor interaction on
the raw HTSE
A second neighbor interaction, J2 is added. The β-
HTSE has been computed to order 13 (resp. 11 and 9)
for L0 (resp. L1 and L2). Fig. 5 shows that a small
J2 has an effect for T < 3 both for cV (T, h = 0) and
χ(T, h = 0).
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FIG. 5. Effects of a second neighbor interaction, J2 on β-
HTSE of cV (T, h = 0) (a) and χ(T, h = 0) (b). Lines are
the CPAs from the HTSE at order 13 (cV (T, h = 0)) and 12
(χ(T, h = 0)). Inset is a zoom around T = 1 and error bars
reflect the dispersion of the CPAs.
G. Influence of a third neighbor interaction on the
raw HTSE
A third neighbor interaction across the hexagon, J3h,
is added. The β-HTSE has been computed to order 15
(resp. 13 and 11) for L0 (resp. L1 and L2). Fig. 6-
(a) shows that a small negative J3h has almost no effect
4on cV (T, h = 0), and increases slightly its maximum for
positive J3h. Fig. 6-(b) shows that a small J3h has a
linear effect on χ(T, h = 0) for T < 3.
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FIG. 6. Effects of a third neighbor interaction across
the hexagon, J3h, on β-HTSE of cV (T, h = 0) (a) and
χ(T, h = 0) (b). Lines are the CPAs from the HTSE at or-
der 15 (cV (T, h = 0)) and 14 (χ(T, h = 0)). Inset is a zoom
around T = 1 and error bars reflect the dispersion of the
CPAs.
III. e-HTSE AND THEIR PADE´
APPROXIMANTS
In this section the temperature T is replaced by the
energy e defined by
e(β, h) = − ∂ lnZ
∂β
∣∣∣∣
h
(10)
s(β, h) = lnZ(β, h) + βe(β, h), (11)
where s is the entropy. Eliminating β between Eqs.(10)-
(11) gives the e-HSTE for s(e, h). In practice, h is al-
ways replaced by some number h0 in Eqs.(10)-(11) before
s(e, h0) is evaluated. From this function the specific heat
and magnetic susceptibility are given by:
cV (e, h0) = −
s′(e, h0)2
s′′(e, h0)
(12)
χ(e, h) ' M(e)
h
=
1
βh
∂s(e, h)
∂h
∣∣∣∣
e
, (13)
where s′ and s′′ mean the first and second derivatives of
s(e, h) with respect to e. We evaluate the h-derivatives
from finite differences. At h 6= 0, we have
∂s(e, h)
∂h
∣∣∣∣
e
=
s(e, h+ dh)− s(e, h− dh)
2dh
+O(dh2),
(14)
while at h = 0:
lim
h→0
1
h
∂s(e, h)
∂h
∣∣∣∣
e
= 2
s(e, dh)− s(e, 0)
dh2
+O(dh2) (15)
and
χ(e, h = 0) ' 2s(e, dh)− s(e, 0)
βdh2
, (16)
and dh is typically of the order of 10−4.
By definition β = s′(e), thus s(e) must be a positive
increasing function. Because cV is also positive, then
s′′(e) must be negative. Thus s(e) is an increasing func-
tion starting at 0 for e = e0, the ground state, with an
infinite slope and ending at ln 2 when e = 0 with a slope
0.
The next step is to build a model for s(e, h) using the e-
HTSE and the low-T behavior of cV (T ). Here, we assume
a non-gapped system where
cV (T ) ∝ Tα (17)
In the following we systematically test the cases α = 1
and 2.
This power law of the low-T behavior of cV (T ) implies
a singular behavior of s(e) at the ground state value e0:
s(e) ∝ (e− e0)1/µ (18)
µ = 1 +
1
α
(19)
This singularity at e0 can be accounted by defining an
auxiliary function G:
G(e) =
s(e)µ
e− e0 , (20)
If no transition occurs in the whole range of tempera-
tures, then G(e) should be a regular function of fixed
sign. From the e-HTSE of G(e), the PAs GPA(e) are
constructed and the function s(e) is approximated by:
sP (e) = (GPA(e)(e− e0))1/µ . (21)
By construction, this function has the exact e-HTSE and
the correct low temperature behavior.
A. The auxiliary function G(e)
From the Taylor expansion of s(e) around e = 0, we
deduce the Taylor expansion of G(e). Fig. 7 shows the
convergence of the Taylor expansion of G(e) and of its
PAs GPA, for α = 1 and 2. While the raw series converge
slowly at low energy, their PAs are well converged down
to the ground state.
The function G(e) depends on the ground state energy
e0, as seen in Fig. 7-right. The sensibility of G(e) is im-
portant only at low energies. We measure the number
of coinciding PA (CPA) by keeping the PAs whose max-
imum distance between them is some ∆. In Fig. 7-right,
∆ =0.1. For α = 1 the maximum number of CPAs is for
energies around -0.439,-0.438. For α = 2 the maximum
number of CPAs is for energies around -0.441.
The convergence of PAs on G(e) with respect to the
order is good (within the thickness of the curves). The
main effect on G(e) comes from the ground state energy
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FIG. 7. HTSE of G(e) (a) e0 = −0.4386, dotted lines e-HTSE
for orders 13 to 20, full lines CPAs, black for α = 1, red for
α = 2. Inset: zoom of the CPAs around e0, np is the number
of CPAs within a distance of ∆ = 0.1. (b) G(e) from various
values of e0 (log scale) around the ground state energies. np
is the number of CPAs with ∆ = 0.1. (c) β(e) defined by
Eq. (23). Full (resp. dashed) lines stand for α = 1 (resp. 2).
Colors are the same as (b). Inset: all PAs coincide as soon as
β < 3 (e & −0.4).
e0. The entropy is defined from the PA of G(e) by
sPA(e) = ((e− e0)GPA(e))1/µ (22)
β(e) = 1/T = s′PA(e) (23)
Fig. 7-right shows that for energies larger than -0.4, β(e)
is rather independent of α or e0. e > −0.4 corresponds
to β & 3, that is T & 0.33.
B. Specific heat cV
The specific heat is given from sPA(e) as:
cV,P (e) = −s
′
PA(e)
2
s′′PA(e)
(24)
From Fig. 7-(c), we do not expect differences above
T = 0.35 in cV (T ) by varying e0 or α. Fig. 8 shows
the variations of cV (T ) using the HTSE (dash-dot green
lines), the PAs from HTSE at order 20 (dotted lines) and
from Eq. (24), black (resp. red) full lines for α = 1 (resp.
α = 2), with e0 = −0.4386.
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FIG. 8. Variations of the specific heat cV with respect to the
temperature. HTSE : from order 13 to 20 dash-dot green lines.
PAs of HTSE at order 20: dotted blue lines. From Eq. (24)
: black (resp. red) full lines for α = 1 (resp. α = 2, with
e0 = −0.4386 (only Pade´ close to each other are represented).
C. Magnetic susceptibility χ(T )
1. Raw e-HTSE and its Pade´ approximants
From Eq. (6) and (5), we deduce the β-HTSE for χ.
From the HTSE of e(β) andχ(β), we deduce e-HTSE for
χ(e). Fig. 9 shows the convergence of the HTSE-χ(e)
for e > −0.3. The PAs have the same variations even
energies as low as -0.44.
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FIG. 9. χ(e) from HTSE. (a): red dashed lines: e-HTSE at
orders n=13 up to 19. Full lines: PAs from e-HTSE at order
n = 19. Inset : zoom at low energy, the PA d = 0 is outside
of this inset range. CPAs within a distance ∆ = 0.004 are
for d = 4, 7, 8, 10, 11, 14, 15. (b): Convergence of the PAs
obtained from the order n from 13 to 19 of the HTSE, where
error bars indicate the dispersions of the PAs. The energies
have been slightly shifted to see the error bars.
2. HTSE-χ(e)
In contrast with cV (T ), χ(T ) does not a present singu-
lar behavior at low temperature, thus the function χ(e)
should be smooth if no transition occurs. Fig. 9-(a) shows
the convergence the e-HTSE with the order, from 13 to
19 and PAs obtained at the highest order 19. We see on
Fig. 9-(b), that the PAs from e-HTSE at orders n ≥ 13
have almost the same variations, namely a pronounced
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FIG. 10. (a) and (b): χ(T ) for e0 = −0.4386 and χ0 = χ(T =
0) = 0, 0.05, 0.1, 0.15 and 0.2. green lines : the HTSE of
χ(T ) and its PAs (blue lines). Full lines χ from the PAs of
s(e) : black lines for α = 1 and red for α = 2. (b) is a zoom
of (a) for 0.12 < T < 1.2. (c) comparison χ(e) with e-HTSE
and the PAs from the highest order 19.
increase at low energies: As the PAs seem to converge
down to the expected ground state energy, this indicates
a possible large value of χ at low energy (low T ).
3. χ(e) from s(e)
χ(e) is obtained using Eqs. (13)-(21). At small mag-
netic field, the ground state energy depends on h as
e0(h) = e0 − χ0h
2
2
(25)
where χ0 = χ(T = 0) is unfortunately unknown. Fig. 10
shows how χ(T ) depends on the values of χ0 for α = 1
and 2, at the highest order 20 for e0 = −0.4386. By con-
struction both high (same HTSE) and low temperatures
(same χ0) do not depend on α. The main differences
appear around T = 0.1 for χ0 between 0.05 and 0.15.
On Fig. 10-(b), we see that the convergence of the PAs
from the T -HTSE converge for T > 0.5. All variations
of χ(T ) using the various input χ0 and α are compatible
with these PAs from T -HTSE.
For completeness, Fig. 10-(c) shows the comparison of
χ(e) obtained from s(e, h) with the direct e-HTSE of χ(e)
and the PAs obtained from this e-HTSE at order 19.
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FIG. 11. (a) The 68 Pas of cV (T ) found for orders 16 to 20,
shown in the temperature range [0.08, 1.5] for α = 1, using
e0 = −0.44. The dots correspond to the energies at which
the PAs are evaluated. If at the highest temperatures shown
here, the dots are vertically aligned (same T (e) is the same
for all PAs), this is not true at the for T < 1. (b) The corre-
sponding 40 CPAs when the maximum distance between PAs
is ∆ = 0.001. The dots are now almost vertically aligned for
all temperatures.
D. Coinciding Pade´ Approximants (CPAs)
We define a procedure to find the coinciding PAs
(CPAs) as follow. First we evaluate the function ob-
tained from each PA (say cV ) on a grid of temperatures,
using an interpolation scheme (recall that the PAs are
functions of e). Then, we apply the loop:
• evaluate the mean function on T -grid
• eliminate the function with the largest distance to
the mean function
• stop the loop when largest distance to the mean
function is smaller than some threshold ∆
Fig. 11-(a) shows all the 68 physical PAs obtained from
the orders 17 thru 20 with e0 = −0.4386. Fig. 11-(b)
shows the resulting 40 CPAs when ∆ = 0.001.
E. Protocole to determine the best ground state
energy
The ground state energy, e0, is often unknown. Here
we propose a protocole to estimate e0, again based on the
idea that larger is number of CPAs, best is its estimation.
The CPAs are evaluated from the HTSE at different or-
ders to account for the convergence of the PAs with the
HTSE order. This is possible if the order n of the HTSE
is large enough to avoid a shift of the PAs with respect
to n. Here, for cV (T ), we already see a good convergence
using the HTSE at order 17 through 20. Thus, we look
at all the PAs at these orders (see Fig. 11). When the
HTSE is only known at much lower order n, we keep the
PAs obtained from the highest four HTSE-orders n− 3,
n− 2, n− 1 and n.
The protocole consists in the following steps:
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FIG. 12. Number of CPAs found for cV (T ) versus the ground-
state energy for different value of ∆, the maximum distance
between CPAs, for α = 1 and 2. (c) Best energy versus ∆.
At fixed ∆, the error bar are obtained using the width of
nCPA(e0) evaluated of 0.8 of its maximum. The horizontal
black (resp. red) dashed line is the mean value through the
data at α = 1) (resp. 2).
• For a given e0, evaluate the physical PAs from the
highest HTSE-orders. The discarded non physical
PA are those with a zero either in the numerator
or denominator within the interval [e0, 0].
• Look for the CPAs, as described in the previous
section, and count their number nCPA(e0).
• Vary e0 and define the best energy as that corre-
sponding to the maximum of nCPA(e0). The preci-
sion of this determination is related to the width of
nCPA(e0), say the interval defined by nCPA(e0) >
max (nCPA(e0))− 5.
This protocole is tested on cV (T ). Fig. 12 shows how
nCPA varies with e0 and ∆ from 10
−4 up to 0.02, for
α = 1 and 2. Fig. 12-(c) shows that the variations of e0
with ∆ are rather flat, as demonstrated by the dashed
line indicating the mean value though the points. Using
∆ = 0.001 is a good compromise between selecting close
curves and having a large number of CPAs. This gives
a hint on the precision of such an evaluation of e0. For
α = 1, we find e0 ' −0.4386 (15), while for α = 2, we find
e0 ' −0.4414 (25) Note that this estimation for α = 1 is
compatible with the DMRG result -0.4386(5), while for
α = 2, we find a significant lower ground state energy.
The same protocole is also applied on χ(T ). Here for
each α = 1 and 2 and each value of χ0 = 0, 0.05, 0.1,
0.15 and 0.2, we evaluate nCPA(e0). Fig. 13 shows the
variations of nCPA(e0) for these different cases. The last
two figures in Fig. 13 show the best e0 versus ∆. First we
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FIG. 13. Number of CPAs found for χ(T ) versus the ground-
state energy e0 with various ∆, the maximum distance be-
tween CPAs, for α = 1 (left) and 2 (right) and χ0 = 0, 0.05,
0.1, 0.15 and 0.2 as indicated on each plot. The last two fig-
ures compares the variations of the e0 versus ∆ for various
χ0.
see that this evaluation depends very little on χ0. This
evaluation is almost constant up to ∆ = 0.004 and then
shifts to slightly higher energies. In all cases the ground
state energy obtained for cV is compatible with that of
χ within their respective uncertainties.
Fig. 14 shows how e0 found from the CPAs of χ(T )
may depend on χ0. Within uncertainties, one can assume
e0 to be independent of χ0. Thus for simplicity, in the
following, the best e0 will be evaluated for cV only and
used for χ independently of χ0.
8Note that when the HTSE is known at much lower
orders, as for example for the J1-J2 or J1-J3h models,
the best ground state is evaluated with this low order
series even when J2 = 0 or J3h = 0.
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FIG. 14. Ground state energy versus χ0 from the CPAs of
χ(T ) for ∆ = 0.001. Constant horizontal lines are mean
square fits.
9IV. INFLUENCE OF IMPURITIES
Fig. 15 shows the influence of the impurities on the
specific heat. The ground state energy changes in pres-
ence of impurities (Fig. 15-right). It has been adjusted
according to the protocole defined in III E. We note that,
as expected, e0 first decreases as the ratio of impurities
p increases from 0, but it reaches a minimum around
p = 0.1 and then increases with p. We notice that a few
percents of impurities has already a significant effect on
the cV (T ). The maximum of cV increases linearly with
p, and the low-T bump is washed out as p increases.
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FIG. 15. Influence of the impurities on the specific heat for
(a) α = 1 and (b) α = 2. (c) ground state energy (black open
symbols) versus impurity ratio p for α = 1 and 2. Dotted
lines are quadratic fits: −0.4384 − 0.1107 p + 0.5257 p2 and
−0.4421− 0.0907 p+ 0.4543 p2 for α = 1 and 2 respectively.
For χ, we use the same ground state energy found for
cV at a given impurity ratio p, independently of the value
of χ0. Figs.16 shows the influence of p and χ0 for α = 1
and 2. As seen from the T -HTSE results, there is an
increase of χ(T ) for 0.5 < T < 2 which is independent of
χ0 and α. Below T < 0.01, χ(T ) ∼ χ0, thus independent
of p or α. Figs.17 shows that the variations of χ(T )
is almost insensitive to α. Nevertheless, the number of
CPAs is slightly larger for α = 1.
V. INFLUENCE OF THE MAGNETIC FIELD
We show here the influence of the magnetic field h on
the specific heat and the magnetic susceptibility. The
applied magnetic field is h = 0.05, 0.1 and 0.15. The
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FIG. 16. Influence of the impurities on the magnetic suscep-
tibility for α = 1 (left) and 2 (right) for χ0 = 0, 0.05, 0.1 and
0.15 from top to bottom. nCPA is the number of CPAs.
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FIG. 17. Influence of the impurities on the magnetic suscep-
tibility (same data as Fig. 16, but at p constant) For T > 0.4,
χ(T ) is independent of χ0 and α. For T < 0.01, χ(T ) ' χ0,
independently of α.
ground state energy varies as
e0(h) = e0 − χ0h
2
2
+ ... (26)
We use the best ground state energy found in section-
III E: e0 = −04391 for α = 1 and -0.4417 for α = 2.
Thus when h 6= 0, cV (T ) depends on e0 and χ0 (see
Eq. (26)).
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At h = 0, e0 is independent of χ0. Fig. 18 shows how
cV (T ) varies at fixed h 6= 0 when χ0 varies. Above T = 1,
cV (T ), is insensitive to such low magnetic field. Below
h = 0.1, the effects of h are negligible. For h > 0.1,
the effects increase with χ0, specially for temperatures
around 0.1. Fig. 19 shows how cV (T ) varies at fixed χ0
when h varies: cV (T ∼ 0.1) decreases (resp. increases)
when h increases if χ0 < 0.1 (resp. χ0 > 0.1), while at
χ0 = 0.1, h has almost no effect.
Fig. 21 shows how χ(T ), with α = 1, varies at fixed
h when χ0 varies. At low temperature (T < 0.01), χ(T )
is dominated the imposed value χ0 = χ(T = 0), here
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FIG. 18. Influence of the magnetic field on cV (T ) for α = 1
(left) and α = 2 (right). Each figure is at fixed h. np indicates
the number of CPAs. Each figure is at a given magnetic field
h and χ0 takes the values 0, 0.05, 0.1 and 0.15.
independent of the magnetic field, while the high tem-
perature (T > 1) is given by the HTSE which appear to
be insensitive to these low magnetic field. As h increases
the number of CPAs decreases at small χ0, while it is
almost constant at χ0 = 0.2. Fig. 20 shows that χ(T ) is
almost insensitive to the magnetic field at all tempera-
ture.
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FIG. 19. Influence of the magnetic field on cV (T ) for α = 1
(left) and α = 2 (right). Each figure is at fixed χ0.
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FIG. 20. Influence of the magnetic field on χ(T ), plotted at
fixed χ0 for α = 1 (left) and α = 2 (right).
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FIG. 21. Influence of the magnetic field on χ(T ) ( same data
as Fig. 20 plotted at fixed h)
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VI. DZYALOSHINSKII–MORIYA
INTERACTION
A Dzyaloshinskii–Moriya interaction (DMI) is added:
HDM =
∑
〈i,j〉
D · Si ∧ Sj (27)
The HT-series of lnZ is obtained at order 16 (resp. 14
and 12) in β for the terms in L0 (resp. L1 and Lk>1).
The ground state energy varies with Dz. It has been
adjusted on cV (T ) according to the protocole of Sec.III E.
Here we look at CPAs from HTSE-orders 13 thru 16.
Fig. 22-(a)-(b) shows Dz < 0.1 has almost no effect on
cV (T ). Dz ≥ 0.1 enhances the maximum of cV (T ) and
washes out the low-T shoulder. Fig. 22-(c) shows the
variations of the ground state energy with Dz, and the
dotted lines are quadratic fits.
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FIG. 22. Influence of Dzyaloshinskii–Moriya interaction on
cV (T ) for α = 1 and 2. D is in units of J (see Eq. (27)). (c) :
ground state energy versus D, black for α = 1, red for α = 2,
the dashed lines are quadratic fits: −0.4422 − 0.8225D2z for
α = 1, and −0.4466− 0.8184D2z for α = 2
Fig. 23 shows the effect of a DMI on the magnetic
susceptibility. The ground state energy is that found for
cV (T ) (Fig. 22-(c)). The effect of the DMI is negligible
if D ≤ 0.15, and small at D = 0.2.
Fig. 24 shows that α has almost no influence on χ(T ).
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FIG. 23. Influence of Dzyaloshinskii–Moriya interaction on
χ(T ) for α = 1 (left) and α = 2 (right). D is in units of J .
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FIG. 24. Influence of Dzyaloshinskii–Moriya interaction on
χ(T ) (same data as Fig. 23, but plotted at fixed Dz).
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VII. INFLUENCE OF THE ISING
ANISOTROPY
An Ising interaction, δz, is added along the z direction
on each link (XXZ model, see Eq. (9)). δz is varied from
-0.2 to 0.2. The HT-series of lnZ is obtained at order 18
(resp. 16 and 14) in β for the terms in L0 (resp. L1 and
Lk>1). Here we look at CPAs for β-orders from 14 to 18.
The ground state energy, adjusted on cV (T ) according
to the protocole of Sec.III E, varies linearly with δz (see
Fig. 25-(c)). Fig. 25 shows that δz has almost no effect
on the specific heat.
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FIG. 25. Influence of an Ising anisotropy on cV (T ) for α = 1
and 2. δz is in units of J . (c) : ground state energy versus
δz, black for α = 1, red for α = 2, the thin dotted lines are
linear fits with a slop -0.147 in both cases.
Fig. 26 shows the effect of δz on the magnetic sus-
ceptibility. The ground state energy is that found for
cV (T ) (Fig. 25-right). The effect of this anisotropy is to
increase (resp. decrease) the magnetic susceptibility in
the temperature range [0.1..1] when δz is negative (resp.
positive).
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FIG. 26. Influence of an Ising anisotropy interaction on χ(T )
for α = 1 (left) and α = 2 (right). δz is in units of J .
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FIG. 27. Influence of an Ising anisotropy interaction on χ(T ) (same data as Fig. 26, but plotted at fixed δz).
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VIII. INFLUENCE OF THE SECOND
NEIGHBOR INTERACTION
A second neighbor interaction J2 is added. The HT-
series of lnZ is obtained at order 13 (resp. 12 and 11) in
β for the terms in L0 (resp. L1 and Lk>1).
The ground state energy varies with J2. It has been
adjusted on cV (T ) according to the protocole of Sec.III E.
Here we look at CPAs for β-orders from 10 to 13. Fig. 28
shows the effect of a J2 on the specific heat. The effects
on cV (T ) is visible in the range of temperatures between
0.1 and 1, specially for α = 2.. The ground state energy
is almost constant for positive J2 and decreases for neg-
ative J2. For J2 = 0, using these β-HTSE at low orders,
the ground state energy are significantly lower than that
found in Sec.III E.
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FIG. 28. Influence of a second neighbor interaction across
the hexagon on cV (T ) for α = 1 (left) and α = 2 (middle).
J2 is in units of J . Right : symbols are ground state energy
versus J2, black for α = 1, red for α = 2.
Figs.29-30 shows the effect of J2 on the magnetic sus-
ceptibility. The ground state energy is that found for
cV (T ) (Fig. 28-(c)). Results with not enough CPAs are
not displayed, they indicate higher order must be pro-
vided in order to get useful informations. This is at vari-
ance from the case of cV where good convergence have
been found for all J2. Here the number of CPAs is half
that found for cV and results with nCPA less than 10 are
only qualitative.
For J2 = −0.2 the chi(T ) is systematically larger for
0.1 < T < 1. Positive J2 has almost no effect on χ(T ).
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FIG. 29. Influence of a second neighbor interaction on χ(T )
for α = 1 (left) and α = 2 (right). J2 is in units of J .
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FIG. 30. Influence of a second neighbor interaction inter-
action on χ(T ) (same data as Fig. 29, but plotted at fixed
J2).
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IX. INFLUENCE OF THE THIRD NEIGHBOR
INTERACTION
An interaction J3h is added across the hexagon. The
HT-series of lnZ is obtained at order 15 (resp. 13 and
11) in β for the terms in L0 (resp. L1 and Lk>1).
The ground state energy varies with J3h. It has been
adjusted on cV (T ) according to the protocole of Sec.III E.
Here we look at CPAs for β-orders from 12 to 15. Fig. 31
shows the effect of a J3h on the specific heat. cV (T ) is
almost unchanged in presence of this perturbation. The
ground state energy is almost constant for negative J3h
and decreases for positive perturbations.
Fig. 32-33 shows the effect of J3h on the magnetic sus-
ceptibility. The ground state energy is that found for
cV (T ) (Fig. 31-(c)). Results with a low number of CPA
must not be taken seriously, they indicate higher order
must be provided in order to get useful informations.
This is at variance from the case of cV where good con-
vergence have been found for all J3h. Here the number
of CPAs is half that found for cV and non convergence is
obtained for small negative J3h.
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FIG. 31. Influence of a third neighbor interaction across the
hexagon on cV (T ) for α = 1 (left) and α = 2 (middle). J3h is
in units of J . Right : symbols are ground state energy versus
J3h, black for α = 1, red for α = 2.
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.05 np= 7
J3h=+0.15 np= 5
J3h=+0.2  np= 7
α=1  χ
0
=0   
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=+0.05 np= 5
J3h=+0.15 np= 8
α=2  χ
0
=0   
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.05 np= 7
J3h=+0.1  np= 7
J3h=+0.15 np= 5
α=1  χ0=0.05
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=+0.05 np= 6
J3h=+0.1  np= 6
J3h=+0.15 np= 7
α=2  χ0=0.05
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.05 np= 6
J3h=+0.1  np= 7
J3h=+0.15 np=11
α=1  χ
0
=0.1 
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.2  np= 5
J3h=+0.05 np= 7
J3h=+0.1  np= 9
J3h=+0.15 np= 5
J3h=+0.2  np= 5
α=2  χ
0
=0.1 
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.2  np= 5
J3h=-0.05 np= 4
J3h=+0    np= 9
J3h=+0.05 np= 7
J3h=+0.1  np= 9
J3h=+0.15 np= 9
α=1  χ0=0.15
0.01 0.1 1 10 100
0.00
0.05
0.10
0.15
0.20
T
χ
(T
)
J3h=-0.2  np= 5
J3h=+0.05 np=10
J3h=+0.1  np= 8
J3h=+0.15 np= 6
α=2  χ0=0.15
FIG. 32. Influence of a a third neighbor interaction J3h on
χ(T ) for α = 1 (left) and α = 2 (right). J3h is in units of J .
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FIG. 33. Influence of a third neighbor interaction interaction
on χ(T ) (same data as Fig. 32 at fixed J3h).
